EAGX10TO ZUVOETIKO AEVTPO

AnpnTpnG PWTAKNG

>X0AN HAeKTpOAOYWV MNXavikmv
Kal Mnxavikwv YNoAoyloTwV

EBvikO MeTooBio MoAuTexveio




EAGX10TO ZUVOETIKO AEVTPO (MST)

[0 2uVvekTIKO pn-kateuB. G(V, E, w) pe Bapn w : E — IRg
®  Bapog unoypapnuatog T'(V, Er): w(T) = 3 .cp, w(e)

0 ZnToUpEVO: eAAXIOTOU BAPOUC CUVEKTIKO unoypa@nua
NOU KAAUNTElI OAEC TIC KOPUPEC.
B SuvekTIKO (€€’ opiopou) + akukAIKO (eAaxioTo) = AevTpo.
B Minimum Spanning Tree (MST, EZA).

O MpoBAnua cuvduaoT. BeATIOTONOINONC
UE MOAAEC KAl ONUAVTIKEC EPAPHOYEC.

B >xedlaopoc ouVOETIKOU OIKTUOU
(0d1koU, TNAEN/KOU, NAEKTPIKOU)
LUE EAAXIOTO KOOTOC.
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AevTpa: Baoikec Id10TNTEC

0 A&vTpO: CUVEKTIKO KAl AKUKAIKO ypagnua.

O Ta kabe anAo pn-kateub. ypapnua T(V, E),
Ta NapakaTw €ivail lcoduvaua:
T devTpo.
Kabe (euyapl KOpupwv EVWVETAl JE Jovadiko povonarl.
T ouvekTikO Kai |E| = |V| - 1.
T akukAiko kat |E| = |V] - 1.
T eAaxIOTIKA OUVEKTIKO.
T HEYIOTIKA AQKUKAIKO.
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Topecg, ZuvoAa Topnc, kar EZA

O Toun (S, V\S): diauepion kopupwyv O 2 guvoAa S, V \ S.
O >uvoAo Tounc (S, V \ S): akJEC eva akpo oTo S Kal
aAAo akpo oto V \ S.
B (S, V\S): 0Aec o1 akpec nou diraoxifouv Toun (S, V\ S).
0 ZuvoAo akpwv E’ draocxilel Toun (S, V\' S) av
E'NO(S, V\S) # .
O (E)XA opileTtal and cUVOAO KWV
(eAaxioTou) Bapouc nou diacyilel
OAEC TIC TOMEC.

B AnAnoTn OTPATnYIKN: EVOOW
«AYEPUPWTN>» TOMN, OlEOXIOE 2
TNV JE akun eAaxioTou Bapouc.
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AnAnoTtoc AAyopiBuoc via EZA

O 'Eotw A dacoc (OUVOAO AKUWV XWPIC KUKAOUC).

O Akun e ¢ A sival akpn enavénong via A av:

B e diaoyilel pia Toun (S, V \ S) nou dev diaoyilel To A, Kal
B e cival eAaxioTou Bapouc peta&u akpwyv 6(S, V\ S).

O Akpn enavénoncg yia dacoc A cuvioTa
anAnotn eniAoyn nou oe |V|-1 BnuaTa
odnyei o EZA:

B Av A ddooc kal e akun enavénonc A,
A v { e} daooc.
O e dev dnUIOUpPYEI KUKAO.

B Av A c EZA kal e akun
enavénonc A, Au { e } c EZA.
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AnAnoTocC YnoAoyliouoc EZA

O ‘Eotw T(V, E;) EZA via G(V, E, w).
O A@aipwvTac akun € ano E; npokunTouv dUO OUVEKTIKEC

OUVIOTWOEC, €0TW S Kal V \ S avTioToixa ouvoAd KOpuPpwyv.

B G Kal G, ¢ avTioTolXa enayopeva unoypa@nuaTda, Kal
Tg Kal T, g @vTigTOIXa UNOJdEVTPA.

O Apxn BeATioTOoTnTAC:

B T, anoteAei EZA yia Gg Kal
Ty\ s anoTeAel EZA yia G\ s .

O IdioTnTa anAnoTtng eniAoync:

B e cival Jia EAaXIoToU BAapouc akun
nou dlaoyicel Toun (S, V\ S).

O '‘AnAnoTtoc aAyopiOpuoc yia EZA!
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AnAnotn EniAoyn: OpBoTnTa

O 'Eotw dadococ A < EZA kail e = {u, v} akpn enavinong A.
Tote A u<{ e} cEZA.
B (S, V\S) toun nou d¢gv diaoxilel A kai diaoxilel N akun e.
B e sAaxioTou Bapouc PETAEU akpwyv Tou O(S, V \ S).
B Eotw TEZAT.0. AcT. YnoBetoupe 0Tt AU{e} €T
B 'EoTtw p povonarti u - v oto T, Kal
e’ = {x, y} akun T nou diaoyilel (S, V \ S).
B Apou w(e) < w(e’), kal 1o
T'=(T uU{e}) \ {e} eival EZA:
w(T") = w(T) + w(e) — w(e) < w(T)
B ‘Exoupe omi A = T kal e’ ¢ A.
Apa ACT\{e}=T"\{e}
B ..kal Au{e}CT’
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AnAnoTtoc AAyopiBuoc via EZA

MST(G(V, E, w))
A <+ 0
while |A| < [V| —1do
YmroAoywoe puo. axpn exavEnong e ywo A;
A +— AU {e};
return(A);
O Apxika A = & daococ¢ Kal unoocuvoAo kabe EZA.
O Enaywyikd, e akun enavénonc yia A:
B Au{e?} daococ kai unooguUvoAo kanoiou EZA.
O 'Otav |A| = |V]| = 1, A devTpo, apa kal EZA.
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AAyopiBuoc Kruskal

MST-Kruskal(G(V, E, w))
ToEwvéunoe axpéc oe avEovoa oelpd Pdgove, wier) < - -+ < w(ey).
A< Qi<+ 1;
while |[A| < |[V|—1and : < m do
if A U {e;} dev €xeL ninho then
A+— AU {67,},
11+ 1;
OO0 YAonoinon: kukAocg oto Au{e } eheyxeral pe Union-Find.
B Xpovoc ekTeAeonc: ©(mlogm).
O OpOGornTa: av e npoorebei TOTE akun enauénong yia A:
B 'Oyl KUKAOG, apa e, diacyifel pia Topn nou dev diacyilel 1o A.
B Auouoa oeipa Bapoug: e, eAaxioTou Bapoug (NpwTn Nou
eAEYXETAI) ANO O0EC akKPeC O1aoxifoUV OUYKEKPIMEVN TOMN.
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AAyopiBuoc Kruskal: Mapadeiyua
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AAyopiBuoc Prim: Mapadeiyua
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AAyop1Bpuoc Prim

O YAonoinon: MST-Prim(G(V, E, w), s)
B FEAaxioTo c[v]: for allu € V do
oupa npoTepaldTNTAC. c[u] < oo; plu] < NULL;
B Binary heap: c[s] < 0; S« 0; A<« 0
©(mlogn) while |S| < |V| do
B Fibonacci heap: u & S : clu] = min,gs{c[v]};
O(m+nlogn) S +— SU{u};
O OpOornta: for all v € AdjList[u] do
B {v, p[v]} anoTeAs if v € S and w(u,v) < clv] then
akurf enav&nonc: clv]  w(u,v);
O Aiaoyilel Toun (S, V\ S). plv] ¢ u;
O EAayioTou Bapouc petaty  if plu] # NULL then
akpwv Tou 8(S, V\ S). A < AU {u,plul};
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AAyopiBuoc Boruvka

O «[MapaAAnAn» ekdoxn YevikoUu anAnoTou aAyopiBpou.
B Apxika Kabe Kopuprn anoTeAEl Nid OUVEKTIKN OUVIOTWOA.
B daon: evoow #OUVEKTIKWV CUVIOTWOWY > 1:

O KaBe ouvekTIKn ouvioTwoa o €niAeyel oto EZA Tnv
eAa@PUTEPN aKun ME eva akpo oTo o (akun enauvénonc).
B Mia akun unopei va eniAeyei kal and Ta dUo akpa Tnc.
B Anapaitntn oAlkn d1aTa&én Twv akpwv (Xwpic 1Iconaliec),
OIapOPETIKA NNOPEI va oxnNUATIoOTOUV KUKAOL.
O ZUVEKTIKEC OUVIOTWOEC EVNUEPWVOVTAl JE BAON AKUEC
nou enIAEXBNKav oTnVv TpExouoa ¢paon.

O OAikn d1aTtaén akpwv (Xxwpic iconaAiec): unoAoyilelr EZA.

B KdaOe akpn nou enIAEyETal, anoTeAei akun enavénonc:
eAAxIO0TOU Bapouc akun nou diaoxiel pyia Toun.

B 'Oy KUkAol: povadikn sAa@puTtepn akun diaoxilel KAaBe Toun.
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AAyopiBuoc Boruvka: MNapadeiyua
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AAyopiBuoc Boruvka

O (AkoAouBiakn) uAonoinon o O(mlogn).
B KaBe paon os xpovo O(m) pye dUO NEPACHATA TWV AKH®V.
B 1onepaocpa Bpiokel EAappuUTEPN aKun kKabe ouvioTwoac.
B 20 nEpAcpa eVTAoOEl EAAPPUTEPEC akpeC oTto EZA
Kal EVNUEPWVEI / CUPYNTUOOEI oUuVIOTWOEC (n.X., M€ BFS/DFS).
B >c kaBe paon, #OUVIOTWOWYV PEIWVETAlI OTO HICO.
O #o@paocswv = O(logn).
O [MoAAoi guyyxpovol aAyopiBuol (oxedov) YpauHIKoOU XpOvou
BaaoilovTal og 10€a Boruvka.
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Kavovec ZxnuaTiopou EZA

0 Akpn e nou yia kanoia toun (S, V\ S), anoTeAei
eAaxioTou Bapouc akpn nou diacyilel Toun (S, V\ S):
B e avnKel o€ kanoio EZA.
B [pryopn niAoyn TETOIWV AKHWV XWPIC KUKAOUC,
kKal evra&n oc EXA.
[0 Akun e nou yia kanoiov KUKAo C anoTeAEi
LEYIOTOU Bapouc akun KukAou C:
B Av Bapoc e peyaAuTepo ano Bapoc aAAwvV akpwy Tou C,
e OevV avnkKel oc kaveva EZA.
B Av OAec ol akpeg Tou C gxouv 1010 Bapoc,
e Oev avnkKel o< kanoio EZA.
B Evoow unapyel kKukAoc C, anokAgIoHoO¢G (U1ac)
BapuTepnc akunc C.
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>ulnTnon

Deterministic comparison based algorithms.

« O(m log n) [Jarnik, Prim, Dijkstra, Kruskal, Boruvka]
« O(m log log n). [Cheriton-Tarjan 1976, Yao 1975]

« O(m p(m, n)). [Fredman-Tarjan 1987]

« O(m log B(m, n)). (Gabow-Galil-Spencer-Tarjan 1986 ]

« O(m o (m, n)). [Chazelle 2000]

Holy grail. O(m).

Notable.
« O(m) randomized. [Karger-Klein-Tarjan 1995]
« O(m) verification. [Dixon-Rauch-Tarjan 1992]
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>ulnTnon — AOKNOEIC

O 'Eotw ypagnua G pe diapopeTika Bapn OTIC AKUEC.
B NOo kabe EZA Tou G neplexel TNV akun eAayioTou Bapouc.
B NOo G exel povadiko EZA.
B AAnOeusl OTI N akun peyloTou Bapouc dev avnkel oto EZA;
O ‘Eotw ypagpnua G pe kukAo C.
B NoOo n akpn peyiotou Bapouc Tou C (av €ival povadikn)
dev avnkel og kaveva EZA Tou G.
0 'Eotw T EZA yia ypaenua G(V, E, w).
B Na dciéete om1 T napapevel EZA via G(V, E, w/2).
B AAnOeuvel oTi To T napapevel EZA via G(V, E, w+k);
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>ulnTnon — AOKNOEIC

0 (NTETEPUIVIOTIKOC) aAyoplOuoc EZA pye XpOvo €KTEAEONC
O(mloglogn);

O YnoAoylopyoc EZA T uno neplopiopouc OTI KAMOIEC AKUEC
npenel va (unv) avnkouv oTo T;

O YnoAoylopoc 2A T pe deUTEPO PIKPOTEPO BAPOC;

O Bottleneck k6oTog ZA T: b(T) = max.cr{w(e)}
B YnoAoyiopoc 2A ye ehayiorto bottleneck kooToc;
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