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EBvikO MeTooBio MoAuTexveio




KatnyopnuaTikn Aoyikn

O T[lpoTtaociakn Aoyikn: nAdiolo d1aTuUNWOoNG Kal JEAETNC
ENIXEIPNHUATWY YIA NENEPATHEVO NANBOC «AOYIKWV AVTIKEIMEVWDV>,
B «<AoyIKO aVvTIKEIJEVO»: naipvel TINEC aAnBeiac, A n V.
B AIQQOpPETIKA, «dN AOYIKO aVvTIKEINEVO», N.X. apiOuoi, oUVOAQ, ...

O Katnyopnuatikn (N MNpwTtoBabuia) Aoyikn: nAaioio diaTunwong
Kal HEAETNG ENIXEIPNHATWYV YIA:

«Mn Aoyika avTikeiyeva» (apiBugouc, ouvoAa, ypapnuaTa).

Npa&eic (cuvapTnNoeiC) Kal OXECEIC (KaTnyopnuaTta) JETa&u Touc.

Aneipo NANBOC AVTIKEIHEVWV: NOCOJEIKTEC.

«KaBe puoIkoC apiBUOC €ival €iTe APTIOC EITE MEPITTOCY.

«Ynapyel oUVOAO Nou €ival unoguUVvoAo KABe ouvoAou».

Tunol KA gival «A\oyika avTIKEIJeEVa» NouU UNopei va
agopouV / ava@epovTal 0€ «Un AOYIKA AVTIKEIJEVA>,
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> UVTAKTIKO
NpwToBaBuiac NAwooac

O <«Aoyika ZUPBOAG»: €XOUV CUYKEKPIUEVN EPUNVEIQ,
AEITOUPYOUV NavTa Pe Tov idlo TpONo:

B AOYIKOI OUVOECUOI: —, A, V, >, <

B [looodeikTeC: V kal 3

O V (yia kabe): ouleu&n yia oAa oToixeia dopnc (duvapel ansipn).

O 3 (undapxel): d1aleu&n yia oAa oToixeia dopnc (duvaper ansipn).
B >nueia oTiénc kal napevOeosic.
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> UVTAKTIKO

NpwToBaBuiac NAwooac

O «Mn Aoyika ZuuBoAa»: eppnveia kabopilel AeiToupyia Touc.
B Opiopyoc YAwoodac kal eEAeyxoc aAnbelac anaiTouv EpunVveia Touc

(noAuonuia, ekppaoTikoTnTal).
B MeTtaBAnTeC X, Y, Z, ...

O Epunveia kaBopilel nedio oplopgou PeTaBANTWV: cupnav.
O EAeuBepec: TiNN Toug kKabopileTal Ye anoTignon.
O Aeopeupevec: nogodeikTeC kaBopilouv «OUUNEPIPOPA>» TOUC.

B >UuBoAa aTtaBepwyv ¢, €y, Cy, ...

OO0 AvanapioTouVv OUPBOAIKG OUYKEKPIPEVEC TINEC CUUNAVTOC.
O Eppnveia kaBopilel Tiun kabe ocupyBoAou oTabepdac.
O [MpokeiTal yia 0-6€01a ocuvapTnolaka cupPoAa.
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> UVTAKTIKO
NpwToBaBuiac NAwooac

O «Mn Aoyika ZupBoAa»: epunveia kabopilel AeiToupyia Touc,
B >uvapTnolaka cupPoAa f, g, h, ..., ye avtioToixo nAnBoc opiopuaTWV.

O
O
=

B KaTtnyopnuaTtika cuppoAa P, Q, R, ..., ye avTioToixo nANBoc opiopyaTwy.

O

O 0O O

M.x. f eival 2-6€010 cuvapTnoiakod cupBoAo.
Ekppalouv «npa&eig» peTa&u oToIxeiwv auunavToc.
Epunveia kaBopilel nedio opiopou, nedio TIHwY, KAl AeiIToupyida.

M.x. Q €ival 2-PYeAEC KATnyopnUaTiko cUPBoAO.
Ek@ppalouv «OXECEIG»> PETAEU OTOIXEIWV CUPNAVTOC.
Epunveia kaBopilel nedio opiopou kal AeiIToupyia.
IooTnTa = : eAeyxel TauTion (AsiIToupyei w¢ KaTnyopnua),
aAAG €xel 0edONEVN EpUNVEIa.

B KaTtnyopnuaTika cupgBoAa uAonoiouv «deTABaon» ano
<N AOYIKO» OE «AOYIKO» KOOHO.

O Q(x, y) dexetal duo oToixeia cupgnavToc (M.X. apiBpouc), «EAEYXEI» aV

oXETICOVTAl JE OUYKEKPIPJEVO TPONO, Kal «anavta» A n Y.

AlakpiTa MabnuaTtikda (Avoign 2022)

>Toixeia KatnyopnuaTikng AoyIkng

5




Aopn Tunwv
NpwTtoBabuiac Nwaooac: 'Opol

0 'Opol naipvouv TIUEC OTO CUMNAV.
B MeTtaBAnTeC X, VY, Z, ...
B >T1aBepecc, Cy, Cy, ..
B OmidNnoTe npokunTel ano (owaTn) Epapuoyn cuvapTnoiakou
OUpBOAOU O€ NON OXNUATIONEVOUC OPOUC.

O TLx. f(x, y), f(g(x), c), g(f(x, g(y)),

O Aev epapuolovTal Aoyikoi guvdeouol o opouc!
M.x., To c® f(x, y) €ival AaBoc ouvTakTIKA.

O Aoun avanapioratal pe devopodiaypaupa,
1010TNTEC anodeIKvUOVTaAl HE OOMIKN Enaywyn.

O 'Opol dev pnopouv va ouvdeovTal Je AoylkoUuc cuvdeapouc!
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Aopn Tunwv
NpwToBaBuiac FAwooac: Tunol

0 ATopikoi Tunol npokunTouv epappolovTac
I00TNTA I KATNYOPNUATIKO OUPUBOAO O€ OpouC.
B [lLx. x=c f(x, y) = g(c), QX, y), R(f(x, y)), ...

B «Aoyikec» Tigec A n W, Baoika («Aoyika») douIKa OTOIXEIQ TUNMWV.

O Tunoc:
B ATOUIKOC TUNOC (Baon enaywyikou opiguou).
B E@appoyn Aoylkwv guvOEOoHWY O TUNOUC P, Y:
=P, PV, oAy, Qo> Y, P Y.
B E@appoyn nocodelkTwV O TUMO ¢: IXP, VXO.
O Aopn avanapioraTtal pe 0svdpodiaypappa,
1010TNTEC ANOJEIKVUOVTAl UE NABNUATIKN Enaywyn.

O Tunoi: i A n W. 'Opol: TIJEC OTO cUNNAV.
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Aopn Tunwv
NpwToBaBuiac NAwooac

EQUPLOYT TTOGOIEIKTAYV,
AOYIK®V GUVOEGUMV GE

TOTOL A TOPIKOVG TOTTOVG

«Aoyiko» Mépog

OTOMIKOL gQuppoyn 1ooTTOGS,
TOTTOL KATYOPNUATOV GE OPOVS

EQUPLOYT] GUVUPTHGEMYV
petaPintéc, otaOepég

opot

«Mn Aoywo» Mépog
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Napadeiyua

0 [loia ano Ta napakaTtw €ival opol N Tunol (i cuvTakTiko Aaboc);

B Q(f(c, y), P(x)) g(Q(c, y), P(y))

B Q(f(c, y), P(X)) g(Q(c, v), P(y))

B vx P(g(x)) vx g(P(x))

B vx P(g(x)) (T) vx g(P(x))

B X=VyvCcC x = f(y, )

B x=yvcC x = f(y, c) (a1)

B vx P(P(x)) Ix Q(x, ¢;)

B vx P(P(x)) X Q(x, ¢) (T)

B 3x (P(x) v =¥x P(x, x)) IxX(x =y AQ(x, y))

B 3x (P(x) v —vx P(x, x)) Ix(x =y A Q(x, y)) (T)
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Napadeiyua

0 [loia ano Ta napakaTtw €ival opol N Tunol (i cuvTakTiko Aaboc);

B P(x) vg(x) vy 3x (Q(x, g(y)) v P(g(x)))

B P(x) vg(x) vy 3x (Q(x, g(y)) v P(g(x))) (1)

B 3x Q(x, ) v3x Q(x, y)

B IxQ(x, c) (1) vax Q(x, y)

B X+y=X=xY (3+1)+ 10

B X+vy=x=x*y(arn) (3+1)+ 10 (op)

B vx3Jy(X+y=X=*Y) vx 3y (P(x) v (Q(X, y) > =P(x)))

B ux3y(x+y=xxy)(T) vx 3y (P(x) v (Q(x, y) > =P(x))) (7)
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EAcuBepec kal
Aeoueupevec MetaBAnTec

O Aesopeupevn egpavion JeTaBANTNC: eUNINTEl O€
nedio epapHOyYNC NooodEIKTN.

[MoocodeikTnec kabopilel Nnwc anoTiuaTal N HeraBAnTn.

v (3): ouleu&n (01aleuén) yia OAec TINEC cUUMAVTOC.

Agopeupevec eggaviosic HeTaBANTNC X NoU eyninTouV oToV id10
nooodeikTn: «idla» deopeupevn HETABANTN.

AeOUEUPEVEC ENPAVIOEIC HETABANTNC X NOU EUNINTOUV O€
OIAPOPETIKO NOCOOEIKTN: «OIAPOPETIKEC» OEOUEUPEVEC HETABANTEC.

0 EAeubBepn epgavion PeTaBANTNC: OV euninTel o€ Nedio
£(pApUOYNC KAnolou nNocodEikTn.

Mnopei va €xel onoladnnoTe Tiun, n onoia kabopileTal anod anoTiynon.
'OAec o1 eAeuBepec eppavioeic HeTaBANTNC X: «idia» PyeTaBAnTn.

O 3x(P(x) A Q(x, y)) A P(y) kai 3xP(x) A 3xQ(x, y) A P(y)
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EAsuBepec kal
Aeoueupevec MetaBAnTec

0 EAeuBepn petaBAnTn av eg@aviletal eAeuBepn (TOuA. pia @opa),
O1aPOPETIKA OECUEUPEVN.

O T[lpoTtaon: Tunoc Xwpic eAeubepec peTaBAnTEC.
Tiun aAnBelac npotacn Osv e€EapTATal ANO ANOTIiUNON.
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EAsuBepec kal
Aeoueupevec MetaBAnTec

OO0 Tlolec eppaviosic JeETaBANTWV €ival eAsUBepec Kal
NoleC OEOUEULEVEC;

B vyax(P(x, f(y)) v Q(x))  vx3y(Q(x) v P(x, y)) = —Q(x)

B vy3Ix(P(x, f(y)) v Q(x)) vx3y(Q(x) v P(x, y)) » —Q(x)

B VvxP(Xx, y) - VzP(z, x) Q(z) » —VxVYP(X, y)

B vxP(x,y) — vVzP(z, x) Q(z) » —=vxVvyP(x, y)

B vxXQ(x) > VyP(x, y) UXVYVZ(X >y A Yy >2Z) > Iw(X > W)
B vxQ(x) > VyP(x, y) VYXVYVZ(X >y A Yy > 2) > Fw(x > w)
B y+X=X+Y y(X + X = X * Yy)

B y+X=X+Yy Jy(X + X = X *y)

O Metovopaaoia O Awv egpavicewyv TnG «idiac» JeTaBAnNTNC diaTnpei
anapaAAaKTo ToVv TUMO: aApaBnTikn napaAiayn.
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EAsuBepec kal
Aeoueupevec MetaBAnTec

0 EAeuBepn petaBAnTn av eg@aviletal eAeuBepn (TOuA. pia @opa),
O1aPOPETIKA OECUEUPEVN.

0 T[lpoTaon: TunocC Xwpic eAeubepec peTaBAnTeC.
Tiyn aAnBeiac npotaon dev e€apTaTal ano anoTignaon.

0 EAeuBepec petaBAntec xpeialovTtal «apyikonoinan».
B 'OAec o1 eAeUBepeC eppavioelC NIac JETABANTNC «apxikonolouvTal»

otnv idla Tiyn (autn nou kabopileTal anod anoTiunon).

0 AeOUEUHEVEC ePpaVioelc HeETaBANTWY dev XpelalovTal
«apyikonoinon».
B [loood&ikTng nou Tic deopeuel kabopilel anoTignon.

B MeTaBAnTeC nou deopsvovTal ano d1apopPETIKOUC NOCODEIKTEC ival
«OIaPOPETIKEC» (AKOPN Kal av €xouv To id10 ovoua).
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Eppnveia (n Aopn)

O Opiopyoc NpwToBaduiac FAwooac anaitei EepHNVEia
«UN AoOYIKWV>» OCUUBOAWV.
O Epunveia (n doun) A kabopiler:
B >upunav |A|: nedio opiopou oTrabepwy, HETABANTWY, OUVAPTNOEWY,
Kal KaTnyopnUaTwy.
O |A]| eival To OUVOAO QVTIKEIJEVWY OTA OMNOia avapePOUAOTE.
B OpIoNOC oUVApPTNOIaKWY CUMBOAWY: «Npa&n» nou avTioToIXouV.
O Ti «enmoTpePel» kABe ouvapTnolako cuppBoAo.
B Opiopoc KaTNYOPNHATIKWV CUHMBOAWY: «OXECN» NOU AQVTIOTOIXOUV.
O [oTe KaTnyopnUaTikO oUPPBOAO «enioTpeEPEI» A Kal noTe W,
B Opiopoc TINNC yia kabe oupBoAro orabepac.
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NapadeiypaTta Epunveiac

O T[Awooa Oswpiac ApIBuwV:
B >upnav N (Quaoikoi apiBuoi)
B >71aBepa O (anoT. oto 0), cuvapTnolaka @ (npocbeon),
® (noAAanAaciaopog), kal ’ (ENOPEVOC PUTIKOG),
B KATNYopNnMUATIKO < (aVvT. 0 oXEon X < y).
O T[Awooca Oewpiac ZUVOAWV:
B >upnav duvapoouvoAo ouvoAou U (1 ouvoAo pE oToIXEia ouvoAa)
B >T1aBepd & (anoT. oT0 ),
B KATnyopnuaTtiko c (avT. o€ oxeon x c y).
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EvaAAayn MocodeikTwV

P(X, y): o x Baupalel Tov y

oAol Baupadlouv Kanolov
VzdyP(z,y) (0x1 avaykaia oAol Tov idio,

HUMNOpPEI TOV EQUTO TOUC).
VaﬂyP(y, $) oAol BauuadlovTal ano Kanoiov

(ox1 avaykaia oAol ano Tov
i0l0, YNopei ano €auTo TOUG).

OAol BaupalouVv ToOUC NAVTEC
(kal Tov €QUTO TOUC).

UNApPXEl KAnoloc NoU TOUC
EIa:VyP(af;, y> Baupalel oAouc (kal eauToO TOU)

UNAapxel Kanoioc NouU ToV
Baupalouv oAol (KAl EaUTOC TOU)
unapxel Ceuyapi (0x1 avaykaia

OIAPOPETIKWV) MOU 0 £vaC
EIa:EIyP(y, :13) Baupalel Tov aAAo.

P(X, ¥): x<vy

KGOe apIBuOC eXEl KANOIOV
HEYAAUTEPO N i0O TOU.

KABe aplBuocC exel Kanolov
HMIKPOTEPO N i00 TOU.

via kabe Ceuyapi apiBuwy, o
£VAC €ival JIKPOTEPOC N i00C
TOU GAAOU.

UNAapxel apiBPoc HIKPOTEPOGC
N icoc OAwV (KaTw epayua).
UNAapxel apiBuoc JeyaAuTePOC
N icoc oAwv (avw epaypa)
unapyouv apiBuoi Nou o £vac
gival JIKpOTEPOC N i00C TOU
aAAou.
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Nopol Apvnong MNoocodeikTwV:
—Jzp(x) = Yoe—p(x)
—Vrp(r) = dre—e(x)

NapadeiypaTa

O Aedopevnc epunveiac (n.x. puoikoi apiBuoi, ouvoAa, ypapnuaTa),
dlaTunNwaon NpoTAcewy — 1010TNTWV O NpwToRAduIa YAwood.
®m ‘Ohloil ol avBpwnol Baupalouv  Vady(x £ y A Plz,y))
kanoiov aAAo. —JzVylz # y — =Pz, y))

B Yndapyel Kanoioc nou dev =
xYylx —P(zx
Baupalsl kavevav ailo. yla #y — (x,9))

B Ynapxel kanoloc nou Baupadel Jx(P(z, z) AVy(P(z,y) = = =y))
TOV €QUTO TOU KAl JOVOV AuTOV.
B 'O)lol BaupdalovTal and kanolov aAho.  Vzdy(x # y A Py, z))

B Yndapxel kanoloc nou Baupadel
6AouG Toug AAAouG. JaVy(e # y = Pla,y))

B Yndapxel kanoiog nou dev Baupdlel kavevav., dxVy—P(x,y)
B Aev undpxel kavévac avBpwnoc nou  —JxVy(x £y — Py, x))
va Tov 8aupalouv 6Aol 01 GAAOL. Vaedylz # y A =Py, x))
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NapadeiypaTa

OO AnAEc YAwWOOIKEC OOUEC OUVNOBWC ENAPKOUYV.
O KaBe avTikeiyevo ue 1d10tnTa P Va(P(z) = Q(z))
exel 1010TNTA Q.
B O enopevog KaBe nepiTTou apiBuou eivar aptiog. Va(odd(x) — even(z'))
even(z) = Jy(z = 2® y) émov 1 = 0" won 2 = (0')'
odd(z) =dy(z =2y & 1) = = (0)
m  KdaBe noAAanAdaio Tou 4 ival apmiog. Vr(dy(x = 4 ® y) — even(x))
OO Ynapxel avTikeipevo pe 1diotnta P
Kal 1010TnTa Q =Bz A 0]

B Acv €ival 0Aol ol apTiol

noAAanAdaoia Tou 4. Jz(even(z) A =Jy(z = 4® y))
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NapadeiypaTa

O

O

Ynapxel povadiko avTIKEINEVO

ue 1010TNTA P. Jz(P(z) AVy(Ply) = y = z))
Ynapxel peyioto (EAAxIOTO) dz(P(z) ANVy(Ply) > y < z))
oToixeio he 1810TNTA P. Jz(P(x) AVy(Ply) — = < y))
B Ynapyel Jovadikoc (PpuUOIKOC Nou B
gival gikpoTepoc Tou 1. Ja(z <1AVYly <1 =z =y))
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NapadeiypaTa: ApiBuoi

2 zi?/;e(?p?':'(ljou; ouo nepiTTay VaVy(odd(z) A odd(y) — even(z ® y))
O O x daipei akpipwgTovy: Diz,y)=dz(y=2® 2)
O O x eival gikpoTepog N icogTou y: = <y =dz(y = @ 2)
O O x €ival npwToc apibuoc:
prime(x) = (z #£ O)A(x £ )AVYVz(r = y®z = (y = xVz = x))
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NapadeiypaTa: ApiBuoi

PATIETOALE MICIAMIE ]
0 Oeiog TMempos
win 1) B

0 KabBe apTioc yeyaAuTtepoc Tou 4 ypagpeTal wc adpoiocua B s
OUO NEPITTWV NPWTWV apIOUWV (sikacia Tou Goldbach). e
Vaz((even(z) A4 < x) —

— Jydz(prime(y) A odd(y) A prime(z) Aodd(z) Az =y D 2))

[a kabe pualko apibpo (€oTw n), unapxel aAAoc (€oTw m) nou

gival o JEYIOTOC PETAEU ekeivwv nNou To OINAACIO Toug Oev Eenepva
Tov apxiko (dnA. To n).

VnAdm(2®@m < nAVE2®k<n—k<m))
M woduvouo Ynim(P(m,n) AVE(P(k,n) — k < m))

omov P(m,n) =2@m <n
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NapadeiypaTa: ZuvoAd

0 Eppnveia ye oupynav OUVAPOOUVOAO NENEPACHEVOU OUVOAOU S,
2-UEAEC KaTNyopnuaTiko ocupBoAo Q pe epunveia Q(x, y) =xc vy,
Kal oTaBepa c NoU EPUNVEUETAl WC TO KEVO oUVOAO ().

B Yndpxel oUvoAo nou nepiexel (wg unoouvoAa) kaBe ouvoro. JzVyQ(y, )
B To KEVO OUVOAO EXElI HOVO €vda
unooUvoAo, ToV £aUTO Tou. Qle, ) ANVE(Q(z,¢) = = ¢)
B [ia kaBe Ceuyapl OUVOAWYV UNAPXElI KOIVO UNMOCUVOAO NOU €ival TO
HEyYaAuTepo duvaTo (Toun CUVOAWV).
VaVy3z|Q(z, ) A Q(z,y) AVw(Q(w,z) A Q(w,y) = Q(w, 2))]
B [ia kaBe (euyapl OUVOAWYV UNAPXElI KOIVO UNEPOUVOAO NoU Eival 1o
geAax10TO dUvVATO (EVWON CUVOAWV).

VCC\V/:UHZ[Q(ZB, Z) A Q(y, Z) A \Vlw(Q@jv w) A Q(ya w) = Q(Z7 w))]
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CS(z) 0 r TANEOPOQILAAC
M(x) o = pabnuoTnog
OS(x) to = hewr. ovoTnuo

|_|C|pC|6€iY|JC|TC| U(z,y) 0 T YONOLOTOLEL TO Y

(z,y)
L(z,y) o z ovumobel tov y

O Algtunwon o€ npwTtofaduia yAwooa:

B Yndapxel nAnpo@opikoc nou Osev cupnabei kaveva padnuaTiko.
Jz|CS(z) A Vy(M(y) = —L(z,y))]

B Kavevac pabnuaTikoc dgv oupnabei dUo N NEPIOCOOTEPOUC
nANpPoQPopIKoUC.
—Jxdydz(M(x) A CS(y) ACS(z) A L{z,y) A Lz, 2) Ay # 2)

B Av £vac yabnuaTikoc cupnabei duo NANpoPopIkouc, TOTE
TOUAQXIOTOV £vAC ano auTouc €ival pabnuaTikoc.

VaVyNz(M(x) ACS(y) ACS(z) A L{z,y) AL(z,z) Ay # z — M(y) vV M(z))

B Av eva ASITOUPYIKO OUCTNNA XPNOIKONOIEiTAl ano TouAaxioTov dUo

NANPOPOPIKOUC, TOTE KAMOIOC HadnuaTikoc Oev TO XPNOILOMOIEI.

VelOS(z) A y32(CS(y) ACS(2) AUy, ) AU(z,2) Ay # 2) =
Fy(M(y) A Uy, z))]
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NapadeiypaTa

CS(z) 0 r TANEOPOQILAAC
M(x) o = pabnuoTnog
OS(x) to = hewr. ovoTnuo

O Ti ekppalouv Og PpuOIKN YAWOOQA:
Jz|CS(z) A Vy(OS(y) — Ulz,y))]

U(x,y) 0 x YONOLUOTOLEL TO Y
(z,y)

L{z,y) o x ovumaBel tov y

B Ynapxel n1ANpo@oOpPIKOC NOU XpNOIPOMnolEl KaBe AEITOUPYIKO oUCTNHA.

VylOS(y) — Jz(CS(z) A =U(z,y))|
—JylOS(y) AVx(CS(x) = U(zx,y))]

B Kaveva AsiToupyiko dgv XpnolUonolsiTal and 0AoUC ToOUC

nANpogpopIKouC.

Va[(CS(z) A M(z)) = Fy(OS(y) AU(z,y))]
B 'OAoi 000l €ival yadnuaTikoi kal NANpogpopIkoi TauToXpova
XPNOILONOIoOUV KAMoIo ASITOUPYIKO oUOTNUd.
VaVy[(CS(z) A M(y) A L(z,y)) = 32(05(y) AU(z,2) AU(y, 2))]
B 'OnoTe KaGnoloc NANPOPOPIKOC oupnabei kanolov yadnuaTiko, auToi
XPNOILMONOIOUV €va KOIVO AEITOUPYIKO ocuoTnla.
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EpwTnon

O Ti dnAwvouv ol napakdaTw NPOTACEIC;
B AAnBeUouv O£ NENEPACHEVO oUMNAV;
B AAnBevouv ot aneipo cupnav;

VeR(x,x)A
Vavy(R(x,y) A Ry, x) >z =y)A  —
VaVyVz(R(x,y) A R(y, z) = R(x, 2)))

VeR(x,z)A

Vavy(R(x,y) A Ry, x) = x = y)A = Yy R(x, y)A
VavVyVz(R(x,y) A R(y,z) — R(x,2))A ~ daVyR(y,z)
Va¥y(R(z.y) v Ry z))

JaVyly #  — =Ry, z))A
JoVy(y # 2 — ~R(w,y))
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>nuaoioAovikn Mpoogyyion

O A |= ¢[v]: ornv epunveia A, n anoTignon v enaiAnBeuel
(N IKavonolei) Tov .
B AnoTtignon v kaBopilel TINEC eEAsUBepwY PETABANTWY TOU P KAl JOVO.
O A |= ¢ : o ¢ IkavonolsiTal ano kabe anoTignon oTnv gpunveia A.
B O ¢ aAnbnc otnv A N n epunveia A anoTteAei HOVTEAO yia Tov .
O |= ¢ : o ¢ IkavonoleiTal o€ kaBe epunveia.
B O o cival (Aoyika) €yKUupoG (avTioTolxo TauToAoyiac).

B TauTtoAoyiec «divouv>» AoYIKG EYKUPOUC TUMOUC PJE OUVTAKTIKN
avTikaTaoTaon.

O EykupoTnTa / IkavonoinoihoTnTa / aAnBeia ¢ eAEYXETAl ME
gqpappoyn Tou opiopgou aAnbelac Tou Tarski.
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Opiopoc Tarski

[0 Eppnveusl Aoyikouc ouvOEOHOUC Kal MOCOOEIKTEC.
0 Opilel 0TI evac Tunoc ¢ aAnBeuel (o€ Pia epunveia A, yia pia
anoTignon V) avv To vonua Tou ekppalel yia aAnBeia ortnv A.
O Hevvoia A |= @[v] opileTal avadpopika wc €ENC:
B A= (x=y)lv]av (v(x) = v(y) ).
A |= Q(Xq, -y Xp)[V] avv ( (V(Xy), ..., V(X,)) € Q*).
A |=—w[v] avv ( dev ioxuel oT1I A |= w[Vv] ).
Al=(wAax)lvl avv (A |= wlv] kai A [= x[v] ).
Al=(wvx)vlav (A |=w[vlnA|=x[Vv]).
A |l=(p = X)[v] avv ( oTav A |= yw[v], ToTE A |= X[V] ).
Al=(p o x)vlavw (A |=ylv]avw A |= x[v]).
A |= vxy[v] avv ( yia kabe a € |A], A |= y[v(x]a)] ).
A |=3xy[v] avv ( unapxel a € |A| T€Tolo woTe A |= w[v(x|a)] ).
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NapadeiypaTa

0 Aev akoAouBoupe Tov popuUaAiouo Tou opiopou Tarski,
aAAd Tnv ouoia Tou.
[0 EAeyxoupe av NnpoTacn aAnBeuUsl 0 CUYKEKPIPEVN EpUNVEIQ.
B AnAd «anokwdikonoloupe» TNV npoTaon (oTnV OUYKEKPIPEVN
gpunVveia) kal EENYOUHE NEICTIKG av aAnBeuel n oxl.

0 AAnBeuouv ol NnapakaTw NPOTACEIC OTN OOMUN TWV PUOIKWV
via c = 0 kal P(x, y) = x <y; ZTNV 00UN TWV AKEPAIWV;
(o) VaVy(P(x,c) A P(c,y) = Pz, y))
(B) Yz (P(z,c) > x =c¢)

B (a) aAnBeusl og QpuOIkoUc Kal akepailouc, (B) puévo o pualkouc.
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[MpoTaocsic kal KatnyopnuarTa

O Tunoc @(x) pe eAeBOepn HeTaBANTN X opilel cUVOAO

A, = {a e |Al: ®(a) aAnBeuvel oTnv A }
P(x): 1010TNTA OTOIXEIWV TNC dounc (ONwc KaTnyopnuaTta).
MNpdTaon W: 1810TNTAa TNC id1ac TS dopunc.

0 Na opioete €101 Ta {0} ka1 {1} (xwpic oTaBepa 0, cuvaptnon ).

X €ival OUOETEPO OTOIXEIO TNG NPOOBETNG: Pp(X) = VY (X +Yy = y).

H doun €xel oudeTEPO OTOIXEIO YIa TNV NpoaBeon: IxXVy(X +y = y).
X €ival OUOETEPO OTOIXEIO TOU NOA/HOU: P4(X) = Vy(Xxy = y).

H dopun £xel OUOETEPO OTOIXEIO YIA TOV MOA/HO: IXVY(XxY = V).
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Aoyikn EykupoTnTa

OO0 Na €€eTaoeTe av o1 NapakaTw NPOTACEIC €ival AOYIKA EYKUPEC:
(i) JzP(z) vV JyQ(y) — Jz(P(z) A Q(z))
(i) Vz(P(z) A Q(z)) — Vz(P(z) V Q(z))
O 'Omi yia npotaon dev €ival Aoyika eykupn anod&IKVUETAl HE
«avTinapadelypa» (epunveia nou OV TNV IKAVOMOIE]):
B [ia Tnv (i), puaikoi apiBpoi, P(x) dnAwvel 0TI X apTIOC,
Q(x) dnAwvel OTI X NEPITTOC.
O Aoyikn eykupoTnTa anodelkVUETAl JE epapuoyn opiagpou Tarski.
B [ia auBaipetn eppnveia A, npotaon (ii) dnAwvel OTI:
av via kabe oroixeio a € |Al, A |= P(a) kal A |= Q(a),
TOTE yia KaGBe agroixeio a € |A], A |= P(a) n A |= Q(a).
B AuTO aAnbBeuel yia kaBe doun A.
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Aoyikn EykupoTnTa

0 NOo |= 3IxVyP(x, y) —» VyaxP(x, y)
B 'Eotw auBaipetn dopun A. A |= IxVYP(X, y) - VyaxP(x, y) ...
B avv otav (i) undapxel ae |A] T.w. yia kaBe Be |A], A |= P(a, B),
ToTE (ii) yia kabe ye |A|, unapxel 6e|A] T.w. A |= P(J, v).
B Ioyuel, apou yia kabe ye |A]l, A |= P(a, y) Adyw unobBeonc.
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Aoyikn EykupoTnTa

0 NOo |= Ix(P(x) - Q(x)) — (¥XP(x) — IxQ(x))

B Ocwpoupe aubaipern dopun A. MNpenel voo:
O Av (i) unapxel ae|Al: A |= P(a) - Q(a),

ToTE (ii) av yia kabe Be|A|, A |= P(B),

ToTe (iii) unapxel ye|Al: A |= Q(y).

Apkei voo av 1oxuouv Ta (i) kai (ii), ToTE 10)VEl Kal To (iii).
Aoyw (i): unapxel ae|Al: A |= P(a) = Q(a).
Aoyw (ii): A |= P(a).
Apa A |= Q(a).
>uvenwc, av ioxuouv Ta (i) kai (ii), unapxel oToIXEIO
Tou |A]| yia To onoio aAnBeusl To Q oTnVv ppnveia A.
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Aoyikn EykupoTnTa

[0 Na diepeuvnoeTE AV 0 NAPAKATW TUMOC €ival AOYIKA EYKUPOC:
Ve P(x,x) ANVaVy(P(x,y) A Ply,z) = = = y)| — —JaVyP(x,y)
B Av oxeon P €ival avakAaoTikn Kal avTICUPPETPIKN
TOTE oxeon P Ogv exel «EAAXIOTO OTOIXEIO».
B Acv €ival AoyiKa eykKupo, n.X. Qualkoi Je P(x, y) = x <.
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AOVIKN Zuvenaywyn

O ‘'Eotw ol Tunol (1) vx(f(x) = x & Q(x)), kal
(2) VX(f(x) = X) < YXQ(X).
(a) Na BpeiTe noloc TUNOC CUVENAYETAl AOyIKA ToV AAAO, Kal
(B) voo ol Tunol Ogv €ival Aoyika 100dUvayol.
B 000 (1) |= (2) (aAAa oxI TO avTioTpoPpo).
B 'EoTtw auBaipetn gpunveia A. Ano opiopo Tarksi, apkei voo:
O Av (i) yiakaBeae |A|l, A|=f(a) =aavv A |=Q(a),
ToTe (ii.1) yia kabe B e |A|, A |= f(B) = B avv
(ii.2) yia kaBe y € |A], A |= Q(y).
B AIGKpiVOUUE 2 NEPINTWOEIC:
O Ioxuel (ii.2), dnA. yia kabe y €|A|, A |= Q(y) avyv,
Aoyw (i), yia kaBe B |A|, A |= f(B) = B, avv ioxuel (ii.1).
O Aev ioxuel (ii.2), dnA. unapxel 6 €|Al, A |==Q(d), avy,
Aoyw (i), unapxel O €|Al, A |= f(d) # 0, avv dev 1oxuel (ii.2).
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AOVIKN Zuvenaywyn

O ‘'Eotw ol Tunol (1) vx(f(x) = x & Q(x)), kal
(2) VX(f(x) = X) < YXQ(X).

(a) Na BpeiTe noloc TUNOC CUVENAYETAl AOyIKA ToV AAAO, Kal
(B) voo ol Tunol Ogv €ival Aoyika 100dUvayol.
B Epunveia A nou enaAnBeuel Tov (2) aAAa oxi Tov (1).
B |A| = {a, B}, f(a) =a, f(B) = q, ka1 Q(a) ¥, Q(B) A.
B A povTtelo yia Tov (2):

O A |=-¥Xx(f(x) = x) kat A |= =vxQ(x)
B A OxlI povTeAo yia Tov (1):

O Ynapxel oToixeio Tou |A|, TO a, yia TO onoio

f(a) = a aAAa Q(a) dev aAnbeusl.
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AOVIKN Zuvenaywyn

0 AivovTal TPEIC NPOTACEIC:
(o) VaVyVz|P(z,y) A Ply, z) — Pz, 2)]
B H oxeon P sival HeTaBaTikn.
(B) Vavy[P(z,y) A P(y,z) = = =y
B H oxeon P €ival avTIGUPHETPIKA.
(v) Va3yP(z,y) — JyVaP(z,y)
B Av KAOe oToixeio P-oxeTileTal ue KAnoio OTOIXEIO,
unapyel oTolxXEio pe 1o onoio P-oxerifovral 0Aa Ta oToIXEid.

O {(a), B} I=);

B 'Oy, n.X. QuUOIKOoi PE P(X, y) =x <.

O {(a), (y)}[=(B)

B Oyi, n.x. av P(x, y) aAnBeuel navra.

O <{B)(y)}I=(a);
B 'Oy, n.x. oupnav = {0, 1, 2} kai P(x, y) aAnBeverl yia {(0,1), (1,2)}.
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Kavovikn MNMooodeikTikn Mop®pn

O Tla kabe Tuno ¢, JNopoupE va Bpoupe Aoyika
1I000UVAMO TUNO ©* = Q1210215 ... Qpa, O (21, ..., 2,)
onou Q, nogodeikTeg Kai ¢’(Xy, ..., X,,) AVOIKTOG TUNOG.
B ¢* anoteAsi Kavovikn MoogodeikTikn Moppn (KMM) o.

O T[a unoAoyiouo KIMM, xpnoigonolouus:

B Nopouc PeTakivnong
NOCOJEIKTWV (HOVO
av x Ogv supavileral
eAeuBepn aTov Q):

B Nopouc apvnong
NOCOOEIKTWYV :

B  NOpoUC KaTavoung
NOCOJEIKTWYV

Vay(z) — o = Jx(Y(z) — @)
drp(x) — o =Va(y(x) — p)
p = Vay(z) = Va(e — ¥(z))
o — Jzp(z) = Jz(e = P(z))

—Jdzp(z) = Voe—p(x)
—Vap(r) = dJx—p(x)
Va(p(z) Adle)) =Vep(r) AVep(z)
Sele(e) v 9(2)) = Jep(z) V Ieb(z)
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Kavovikn MNMooodeikTikn Mop®pn

0 Na Bpeite pia KMM Tou TUNOU
Ve (P(z,y) — ~32Q(z, 2)) — (VozR(z) AVyS(y))
)

= Vz(P(z,y) > ~32Q(x, 2)) = Yw(R(w) A S(w)

= Vw|Vz(P(z,y) —» —32Q(x,2)) = (R(w) A S(w))]
= Yw|Vz(P(z,y) — V2=Q(x,2)) — (R(w) A S(w))
= Vwdz|(P(z,y) = V2=0Q(z,2)) = (R(w) A S(w))
= Ywdz|Vz(P(z,y) — =Q(z,2)) = (R(w) A S(w))
= Vwdz3z[(P(z,y) — —Q(x,2)) — (R(w) A S(w))
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