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OEWPOUUE EVO YPOAULLKO CUCTNUO L EELOWOEWV KOL V OLYVWOTWV:

fallxl + aA12X2 i A1y Xy = b1
a»1X1 + az2 X~ i a, X, = bz

A

| Bu1X1 +a,x; + -+ ax, =b,

AV OVOUOOOULLE:

e A = :aij] TOV [ X V TIVOKOG TWV CUVTEAECTWY TOU GUOTHUOTOG KoL
* b = |b;] v u x 1 otAn Twv octabepwv épwv [b; b, .. by_1 by]"
* X = [x;] tnv v X 1 0TAAN TV Ayvwotwy 6pwv [X1 Xy - Xy—1  Xy]T

0 mapandvw cvotnua ypddetat we efic: | A - Xx=D>b

Kat kaBopiletal mAnpwg ano tov 4 X (v + 1) emavénuevo nivaka [A|b]
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To mapamndavw cvotnua ivat Ltoduvauo

LLE TO YPOLULULKO OUOTNHO TTOU EXEL EMAUENUEVO TtivaKa Tov |Ax | bp ]
0 ormoloc gival N avnypevn KALLakwtn popdn tou [A|b] .

‘Etol, prmopoU e va avaxBou e o€ eva anmAoUCTEPO CUCTNLA TO OTIOLO
AUvetal eukoAa!

Ac doupue gva tapadeypa:
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Napadewypa 1 : Oo EeKVNOOUUE LEAETWVTOC TO TTPWTO TTAPAOELYLLA TNC
nponyoupevnc mapaypadouv™®, aAld pe Touc otabepolc 6pouc un Undevikouc.

{—3x+3y:6 ——

*Inueiwon: 2tnv nponyoupevn tapaypodo eixape SOUAEPEL LE TO OVTLOTOLXO OLOYEVEC
, —3x+3y=0
OUOTNHAY 54 + 2y =0
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[Mapadewypa 1: un opoyeveg cvotnua 2 X 2

-

—3x — 3y — 6 o€ Hopdn TIVAKWV

>x+2y=-10 3x+3y] | 6 3 3] [% 6
[5x+2y]:[—10] ‘:’[5 2]°[y]:[_1o]

To ypaUHULKO poc cuotnpa kaboplletal MANPWCE, OO TOV EMOUENLEVO TTILVOKOL:

qu
-
b

_AL

W

[4lb] =([ 2
\

N
(—

\

Tov omoio Ba avayoupe
O€ OVNYMEVN KALLOKWTA popdn
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Avaywyr) Tou EmauénUEVOU OE AVNYUEVO KALLLOKWTO

I ! 11 —

|A|b] = i Y1_)—_3'y1 ; 21 i _120 Y2—>Y2—5Y§

\ Y J | _))

A b

1 1 ! ]
1 1! -2ror2 [1 =11 =2] yrops -

! 7 | 17V1 Yz !
e e .,l; s

)

R bR

O nivakag [A|b] €ivan ypappoicodOvapog pe tov|Ag | by |

Kallia Pavlopoulou 2021-22



H AUon Tou cUGTAMATOC

AUoN TOU CUCGTHHOTOC
H popdn auvth tou mivaka [Ag|bg| poag divel tn Abon tou cuoTAUATOC:

N o€ popdn mivaka -

dnAadn

o 11'6)=[5

To ovotnua 4 - X = b Aépe ot elvat cupBLBaotd

X _
KOLL TTILO OUYKEKPLUEVA EXEL Mo Kol povadilkn Avon tnv [y] = [ 02] :
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A¢ tapatnPROOULE Tov Itivaka [Ax | by |:

X Yy |
|
1 -
2
Anlb =@ )
[Ar|bg] 0 é) 0 rank(A) = rank[A|D]
, = tANBoc¢ Twv pivots =
| nANBoc¢ twv pun undevikwv
rank(A) = 2 } VPOUUWV (08 KALLOKWTA
Hopdn)=2
rank[A|b] = 2

- H popodn tou enavénuévou nivaka A, | by | kaBopilel to TARO0G
TwV AUCEWV TOU CUOTALOTOC.
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Oplopoi-untevuuion

* QUOYEVEC cuoTnNUa OTav oL otaBepol opot eival uNdeVLKOL,

—

otav OnAadn b = 0.

* JUUBLBaOTO cuoTNUO OTAV £XEL TOUAAXLOTOV Lot AUon.

e AcupBiBaoto cuotnua otav 6&gv exeL Avon, SnAadn slval

advvarTo.
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[ Eniluon ypapptkol GUGTAUOTOC A « X = 3, A € My, (rank) J

Eotw To YPAPULKO cUoTNHA A - X = 1_5, LE U EELOWOELC KL V OLYyVWOTOUC.
Av |A|b]| elvat o emavénuévoc mivokoc, ToTe:

(i) A-x = b acuuBiBacto av Kat uovo av rank(A) # rank|[A|b].

(i) A - x = b cuuBLBACTS av Kal uovo av rank(4) = rank|A|b].

o Yemeplmtwon mov rank(A4) = v = rank|A|b] €xel pio kat povadikn Avon.

o AMwwC, €xeL anewpec Avoslc e v — rank(A) sAevBepec petaPAnTec.
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[ Eniluon ypappuikol cuotipotog 4 - X = B, A € M,,, (uopen mtivaka) ]

EoTw TO YPAUULKO CUOTNUOL A - X = 1_5, UE U EELOWOELG KAL V AYVWOTOUG. AV 0 EMAUENUEVOC
nivakog [A|b| eival ypappolcoSUVOOC HE TOV aVNYUEVO KALMAKWTO |A R | b |kal Kk elval to
nMANB0G Twv PN UNOEVIKWYV YpaUUWVY Tou Ay TOTE:

(i) Avumapxetypapun (000 ..0/c], pe ¢ # 0, oTOV AVNYHUEVO KALLOKWTO, TOTE TO CUCTNMOL
elval aovpBiBaocto (abvvaro). (8nA. av bg; # 0 ya kdmolo i € {k+1,k+2,..,u})

(i) Av 6ev utapxetL ypappun (000 ... 0/ c], pue ¢ # 0, oTOV AVNYHUEVO KALLOKWTO, TOTE TO
ovotnua givat oupBiBacto. (dnA. av bg; = 0 yia kabe i € {k+1,k+2,..,u})

 Av K = V TOTE TO cUOTNMA EXEL Lia Ko povadikn Avon.

* Av Kk < Vv, TOTE TO cUOTNMA EXEL ATELPEC AUOELC. (OEWPOUUE V — K QyVWOTOUG TTOU
OVTLOTOLXOUV OTLC OTAAEC TOU QLVNYHEVOU KALLOKWTOU Ttivaka, Ttou OEV TIEPLEXOUV KATTOLO
QO T NYETIKA otolXela 1, we eAsUBepouc ayvwoTouc Kol EKGPALOULLE TOUC UTTOAOLITOUC
OYVWOTOUC WG OUVAPTNACELC TwV EAEVOEPWV QYVWOTWV.

Kallia Pavlopoulou 2021-22
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[Mapadsypa 2: pn opoyeveg cvotnua 3 X 4

(U +2v +3w+z =3
3 v—w+ 2z =4
L u +3v+2w+3z2=7

Enouénpevog

Mivokog
4 I
1 0 5 -3
|[Ap|br] =0 1 -1 2
lo 0 0 O

\_ rank(A)=2 /

1 2 3 1 :13]
) [A/D|=[0 1 -1 24
1 3 2 3 7.
[pappoicodUvVapoC
QVNYUEVOC KALLOKWTOC
-5
: AdoV|rank(A) = rank|A|b]
0 ok 10 cUOoTNUA €lval

Kallia Pavlopoulou 2021-22

oupuBLBaoto!

!

Ac Solpe Twpa TN popdn Twv AVCEWV.
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Napadswypua 2: (un opoyevec cuotnua 3 X 4) - Mopdn Twv AUGEWV

[poppoicodUVANOC AVNYUEVOC KALLAKWTOC

u 1%

0O 5

[AR|br] =
. 0@00
R

2 pivots columns
(1, v Boowoi dyvwaoTtol)

) =4 4 — 2

|
pd
|
NW
S a
()
[
()

(

H petaBaon amo tn popdn tou
Free columns (eAeUBepol ayvwoTol): nivaka otn cupPoAkn, emeényeital
AvTtLoTOLXOUV 0TOUG EAEUBEPOUC AYVWOTOUC- oTNV EMOpEVN dladavela.
e\eVBepec petaPAntec 1,
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Napadeyua 2: (un opoyeveg cuotnua 3 X 4)

H petapfaon amo tn popdrn Tou mivako otn cUpBoALkn

.
A- }4’,
| Z
1 0 5 —31 [%
[0 1 —1 2}- ol =
00 o0 o0l |,
1«
LooTNTCQ
TTIVAK®WV

—5
4
0

U

3 —5
4leag- (L= 4
R |w
7 i 0
ﬁolﬂanlaataauéé
TV AK®WV

(1u+0v + 5w —3z = —5
Ou+1v—1w+ 2z =4 <« =

AVvovue w¢ npolq

K0u+0v+0w+0z=0 U Kaw
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—

1u+0v+ 5w -3z
Ou+1v — 1w + 2z
Ou+0v+ 0w+ 0z

|

|

u=-5-5w+ 3z
v=4+w-— 2z

—5
4
0
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MNapadswpua 2: (un opoyevec cuotnua 3 X 4) - 20volo AUCEWV

AUCELC TOU oLOTAHUATOC amoTteAoUV OAa Ta SLaVUCHATO TTOU UITOPOUV va ypadTouv

oTn popodn:
Ul [-5-—5w+37]
v 4+w—2

Fevikn popdn AVOEWV TOU CUOTHUATOC:

—5] -5 '3 5 sy 3
ot [0 |=]0 [t
0 L O - 0 0 |
C ruy [-5 5 (3 A

ol = g +2- } +p- _02 ,AER,LER
.tz Lo 0 1] y
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MNapadswpua 3: un opoyeveg cvotnua 3 X 3

‘(U +2v —3w =0
2Uu+ 4v — 2w = 2

A

)

. Enavénuévocg
\3“ +6v —4w =3 Mivokac

@ A _

1 2 0 3/2

O 0 0:1/2

\_ J )

rank(A4) = 2

[A|b] =

rank

1 2 -3 !0

2 4 -2 12

3 6 —4 3.
pappoicoduvopoC
QVNYUEVOC
KALLOLKWTOG

Adov|rank(A) # rank|A|b]

TOo oUuoTNUO Elval
acvuBiBaoto!

!

Kallia Pavlopoulou 2021-22 Apa To cUVOAO AUCEWV TOU CUCTHHOTOG ELvVaL TO KEVO.
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MNapadswpua 4: pun opoyeveg cuotnua 3 X 5

4 u—+2v -—-w+3z+x =2

2ut+4v—-2w+6z2z+3x =6
. U —2v+w—-—-2z+3x=4

4 I
1 2 -1 0 0
=0 0 0 1 0
0 0 0 0 1

[Ag|bR]

o %

rank(4) = 3

Kallia Pavlopoulou 2021-22

1 2 -1 3 1,2

’ [A|b] =] 2 4 -2 6 3,6

Enauénuevog -1 -2 1 -1 314
Mivokog

pappoicoduvapog

QVNYUEVOG
3 KALLOLKWTOG
1 |
2 J _ Ad)Ol') Tank(/%) = rank[Alb]’
canke  TOOUOTNUA elvat cupuBiBacto!

!

Ac bou e Twpa tn popdn Twv AUCEWV.
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Napadeyua 4: (LETATPOTT TOU TIVOKA OE AVNYUEVO KALLOKWTO)

1 2 -13 1i2], .. [1 2 -1 3 1!2] _
[Alb]:[z 4 —2636]y—>"’y”124—2636ky2 !
1 -2 1 -1 3'4 00 0 2 4'6

1
1 2 -1 3 1 2],,.,.[1 2 -1 3 1] 2]r-(3)n
00 00 1:21%8lo o o0 2 416|—%5
00 0 2 4.6 00 00 1'2
1 2 -1 3 12, 12 -1 3 11 2],
[00 0123k2yz2y3[00010—1w
00 00 12 00 00 1.2

3 0'0 1 2 -1 0 0'3
Y1—Y1—-3Y
00 0 1 0 —1]1 - 2[ = [Ag|bg]
0O 112

O 00 1 01-1
O 0 0 0 112
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Napadewyua 4: (un opoyevec cuotnua 3 X 5) - Mopdn twv AVoEwv

[POULLOLCOOUVOOC OVNYUEVOC KALLOKWTOG

@ —1 | — y=3-2v+
|AR|bg] 1 — 7 = —]
)

3 pivots columns

2 free columns:
AvTLOTOLYOUV 0TOUC EAEVOEPOUC AYVWOTOUC-
e\eVOepeC petaBAnTEG 1,
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MNapadswpua 4: (un opoyevec cuotnua 3 X 5) - 2Uvolo AVoewv

AUCELC TOU oLOTAHUATOC amoTteAoUV OAa Ta SLaVUCHATO TTOU UITOPOUV va ypadTouv

oTn popodn:

VA

[evikn popdn AVCEWV TOU CUCTHUATOC:

_u_

L x

L

31 [—2v] W1 [ 3 7T 1
0 0 0 1 0
O+ O |+ 0|+ O|+v-]|1
—1 0 0 —1 0 0
121 Lo 04 L2 L 0 - N
U7 3 — 2 1]
v 0 1 0
WI=|0|+2-|0]|+u-|1|,A€RueER
z —1 0 0
x4 12 L0 L0

Kallia Pavlopoulou 2021-22
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MNapadswpua 5: yun opoyeveg cvotnua 3 X 3

(x +2y —3z =4

1 2
¢ x+3y +z =11 mm) (4Ab]=|1 3 1 11
2x+5y—4z=13 o 2 5

Mivokog

[pappoiocodUvaoC

O ) QVNYUEVOC
[1 0O O 1} KALLOKWTOC
[ARle] — O 1 O 3
0 0 1.1l ,
—) AdoUlrank(A) = rank [Alb]]ro

rank(A) = 3 rank ovotnua sivat cupfLBaocto!

!

Adov|rank(A) = rank[A|b] = 3 = v]ro cbotnpa éxet pia ko povasdikr Avon!

Kallia Pavlopoulou 2021-22
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Napadswpua 5: (un opoyevec cuotnua 3 X 3) ZuvoAo AUCEWV

[paLOICOOUVOOC VNYUEVOC KALLOKWTOG

X 'Yy Z
O il-— x:l
[Ag|bg] = [0 3| =— y=3
0 O |1'— z=1

3 pivots columns

AUGCELC TOU CUOTHUATOC, N Mio Kot povadikn :

Kallia Pavlopoulou 2021-22

= W A
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[ EriAuon opoyevouc ypappikod cvotripatoc A - X = 6, A € My, (rank) J

Eotw TO OPOYEVEC YPOaULKO cUoTnua A - x = 0, pe u ELOWOELS KoL vV
ayVWOoTouC. To OLLOYEVEC cuoTNHa lval tavta cuppLBaocto.

[1L0 CUYKEKPLUEVAL:

(i) Av rank (4) = v = rank|A|b] €xet pia kat povadikn Avon tn
UN&evikn 0., 1.

(ii) Av rank (A) = rank|A|b] < v €xeL anepec AVoelc pe v — rank (A)
eAevBepec petaBAnTeC .
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2NUElwon: Meta amo tnv HEAETN AUTNC TNC topaypadou,

TOV VEVLKO TPOTIO EMIAUONC EVOC YPOULULKOU GUCTAUOTOC,
npoteivetal va EavadloBacete tnv mapaypado 4, ta
nopadeiypata EMAVONC OLLOYEVOUC YPALLLLKOU

ovotnuatoc. MBavwe, va to delte pe AAAN OTTLKN Yywvia Ko

va €lval TILo KaTovonTto.
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