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Acknon 1. Emi\éEte Zwoto - AdBog (yopig anddeiln).
20616 Adbog

1. H akohovbia a,, = n3, n > 1 eivon abEovca kot KHTH QPOyHEDT.
2. KaBe yunoing advéovoa akorlovbia eivon kot adEovoa.
3. M avéovoa akorovBia Ttov dev givan otabepi eival yunoing adEovca.

4. M akorovBia eivan @paypevn akpipag oOtav eivon drm Ko KATo @poypevt).
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5. Kd&Be adEovca akorovbia eivon kK&Tm @poypévn).

Adon.
Aivoope T1g anavtioelg poli pe k&mola oyoMo (to oydia dev eivon {nTodpevo Tng AoKnomng).

1. X. Mapatnpodpe 6111 < n < (n 4 1)3 yio ke n > 1.

2. % Avay < apg1 TOTE Op < Q.

3. A. Eidape 101 oto pdbnpa tny akolovbio mtov maiprer ddoyikd tig Tipég: 0,0,1,1,2,2,. ... Avtf
eivon av€ovoa ywpig va eivon yunoing adéovoa.

Mmnopodpe eniong va opicovpe a; = 0, ag = 0 ko a,, = n yroen > 3, NAadN N (an)nen+ Exer Srodoyikég
Tipéc: 0,0,3,4,5,6. ... Aot eivon Tt o edEovoo akorovBia oo dev eivon yinoing avéovoa. H diopopd
pe Tnv akoAovBia Tov opicape 6To PEONPX eivon OTL €dM €YOVUE @y, = Gp4+1 HOVO Y1 1 = 1 eVl GE aVTH
TOL poBfpaTog 1) deL ay = an41 Y10 drelpa To TABog n € N.

4. 2. Aeite T1G ONPEIDCELS TOV PO HATOC.

5. 2. Avn (ap)nen+ givon adéovoa toTe £xovpe a; < a, Yo kade n > 1.

Aoknon 2.
(i) Awote To TAP&SETYHA P0G AKOAOVOING (G )nen+ TOV €V AV® @PayHEVN Ko O)1 KAT® GPaypéEvn
(pe amddeln).
(il) Adote To Tapdderypo piog akoAoVRING (ary)nen+ TOL Sev eivon 00TE G Ppaypévn 00TE KATO
@Ppoypévn (pe amodelln).
(iii) Adote to Tapdderypa piog yvnoing eBivovcag akohovdiag (a,)pen+ TOL givon @paypévn (pe
anddeln).
Adon.
(1) Opiloope
1, av n &pTiog
Gn =
—n, oV n aePITTog

Tote Yy k&Be n > 1 €yovpe a, < 1, Gpa n akorovbia eivon Gvm @paypévn. [Na va deifovpe 6t1 dev eivan
KAT® @poypévn deiyvoope 0Tt yio k&be M € R ondpyern > 1 pe a, < M;.
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‘Eotw M; € R. And tnv Apyipndeia [diotnta ongpyer k € N pe kb > —M;. [aipvoope n = 2k + 1.
‘Eyoopen > 1xkoun =2k + 1>k > —M;. Epdoov o n eivou tep1ttdg TPpoKONTEL
ap =-n=—2k+1) < —k < M.
(ii) Opilovpe
n, oV 1L APTI0G
Gp =
—n, oV n aeptTog

e n > 1. Icodovapa a, = (—1)" - n,n > 1.
Aeiyvoope 6t1n akorovBia dev eivon dvw epaypévn. Eoto Mo € R. Ao tnu Apyipndeia Idiotntar vrdpyet
k € N pe k > max{Ms, 0}. Ilaipvoope n = 2k. Tote T0 n eivon aptiog, Oetikos (yoti k > 0) ko enopévog
n > 1. Apx
anp =n =2k >k > M.
Taopa deiyvoope 6T1 1 akorovBia dev eivon k&tw @paypévn. Eoto My € R. And tnv Apyundeia Idiotnta
ondpyet k € N pe k > — M. llaipvoope n = 2k 4 1. ToOte 10 N €ivan mepittog aptOpds Ko

ap=-n=—2k+1) < -k < M.

(iii) [Maipvoope a, = —,n > 1. Tote 0 < a, < 1y k&Be n > 1 emopévmg 1 akohovBia eivon @paypévn.
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IIpopavmg 16y der vy k&Be n > 1 xou dpo n akorovBia eivon pBivovoa.

Acknon 3. [owx and T Tapak&T® cOVOAX TepiEyovy oyedor ola tan € N; (Xwpig anddeién)
A={56,7,...,99,100} U {n €N | n? > 400}
B={neN|(n-3)-(n—38) >0}
C={neN|(n-3)-(n—-8)=0}

D = {n € N | on eivon dptioc}

Adon.
Ta cOvoha Tov nepiEyovr oyedov dhx tan € N eivon ta A ko B.

Aivoope kdroleg e€nynoeis (dev eivan {ntovpevo Tng Aoknong).

o 1o A: mapatnpodpe 6Tt av n > 20 tote n? > 400 ko emopévog n € A. Apa to A mepiéyet oyedov
6l ta n € N. To obvoro {5,6,7,...,99,100} dev nailer kavéva poro, 0OTE pog ennpedlel Tov TEPLE)EL
(PLGIKOVG TOL TO TETPAYMVO TOVG eivain peyoddtepo-ico Tov 400.

INa to B mapatnpodpe 0t1 yio ke n > 9 €yovpe (n — 3) - (n — 8) > 0 xon dpan € B.

To C givon nenepacpévo odrodo, coykekpipéva C' = {3, 8}, enopévmg dev propei va tepiéyer oxedov OAa
Tan € N.

Mo to D katarafaivoope 0Tt “apivel ektog” drepa n € N (Tovg meprttovg apiBpovs) emopévng dev
propei va tepiéxel oxedov oo tan € N.

Acknon 4 (ArortnTiki).
(i) Aeitte 0t1éva ovvoro A C N epigyer oxedov ohatan € N av kou povo av o ocbvoro N\ A eivon
TEREPACHEVO.
Y7r6derén: Eva covoro B C N eivon tenepacpévo akpipmg dtav vmapyel ng € N pe tny idiotnta
BC{keN|k<ng}.
(i1) Xopmepdavete 6t éva ovvoho A C N dev nepieyet oyedov oha ta n € N axpipdg dtav Eyovpe
n ¢ Ay drepa to tAbog n € N.

2y oMmo: To (i) Tng Goknong artioloyei yiati éva oovoro A Tov Tepieyel oyeddov oo tan € N ovopdleton
Kol oopnenepacuévo. O 6pog TPoKOTTEL ATO TO GLVOETIKO ovY (TOV GTA LAONHATIKK ¥ prOIHonoleiTon KOPING
Y10t vor avoipepBeil 6TO COPTANPOHA EVOG GLVOAOD) KL TO ENIOETO meEmMEPAGUELO.

Enopévwg to cov-nenepacpévo (SnAadn GOPTETEPACHEVO COUPOVA HE TOVS KAVOVEG TNG EAMANVIKNG Y POH-
HaTIKNG) 6OVOAO givan akpiP®dG To GOVOAO e TETEPACHEVO GOUTANpLHX. Ao To (1) avTd givan To id10 pe TO
oOVOAO TTOL TTEPLEYEL GXedOV OAX T 1 € N.




Adon.

(1) YmoBétoope apyikd 6T1 To cOvoro A mepigyel oyedov oha tan € N. Tote vmdpyet ng £To1 HoTE V1o K&Oe
n > ng éxoope n € A. Enopévogavn € N\ A tote n < ng. Avto onpaivet 6tt N\ A C {0,1,...,n9 — 1},
&pa to N\ A givou nenepacpévo.

Avtictpoga vrrobétoope ot to N\ A givon nenepacpévo. Tote cOpPoa pe TN vROSeIEN vITapyel ng € N
é¢torote N\ A C {keN |k <ng}. Eotwn > ng. Aveiyape n ¢ A tote O ioyve n € N\ A kou and to
nponyovpevo Ba eiyape n < ng, dromo. Apan € A.

Me Ao Aoy Sei€ape 6T1 vIdpyEL ng £T61 HOTE Y1 K&Oe n > ng 1oyvern € A. Enopévag to A mepiéyet
oxedov oha Ttan € N.

(i) Zovoyilovtag amodeifayle:

to A mepiéyer oxedov ohatan € N <= 1o N\ A eivon tenepacpévo.
Eropévmg
to A dev mepieyerl oxedov dhatan € N <= 1o N\ A dev eivou nenepacpévo
<= 10 N\ A eivou Grepo
< ¢éyoope n € N\ Ay drerpa to Thfjfog n € N
<= ¢éyoope n ¢ A yw drepa to tAffog n € N.

Acknon 5. Aznodeite 6T1 To GOVOAO A OAOV TOV GpTiV apiBpav dev mepiéyel oyedov Oha tan € N.
Adon.

IIpara deiyvovpe to {ntodpevo pe Tn PonBeia Tov e€fg yapakTnpiopod (Seite Tponyolevn doknon): éva
ocovoro A mepieyer oxedov dha tan € N av kou povo av to N\ A eivon tenepacpévo.

Enopévmg av to A mepieiye oyedov 6ha ta n € N tote to odvoro N\ A Ba ntav nenepacpérvo. A@od
Opwg to A givon To 6OVoLo Ty dpTiey aplBpdy To obvoro N\ A eivon to 6Ovolo Tov Ttepitthr. Anhadf Oo
giyope OTL TO GOVOAO TOV TEPITTOV APIOUDOY eivon TETEPACHEVO TOL givon dTomo. Apa to A dev propei va
nepiEyel oxedov dha tan € N.

Agiyvoope to {nTtovpevo Kot pe akopa Evav (6xt ToAD diapopeTikd) TpOTO. Y ToBETOLHE TEAL TPOG ATOTO
ot to A mepigyer oyedov oha ta n € N ko Bewpodpe éva ng £tol dote Y K&e n > ng woyder n € A.
Maipvoope n = 2ng + 1. Téte n > ng ko Gpan € A. And Ty GAAN OUmG To N givan TeprtTdg AptOpds Ko
apan € A, &romo.

Aoxknon 6 (Katavonon coykhiong). Aiveton pio akorovdia (a, )pen+ TOL cvuykAivel otov apidpo 1. Tow
OO TA TAPOKEATO GOVOAN TEPIEYOVY GYedOV OAa Tt 1 € N Kol To1 GOVOAX EiVOl TENEPAGHEVQL;

A={neN"]0,99 <a, <1,01}

B={neN"|a, <0,999}

C={neN|a,>11}

D ={neN"]0,9999 < a,}
Awconoroyfiote TV andvTnot coc.
Avon.
To cbvoro A mepiéyer oxedov 6ia ta n € N. ' va To dodpe naiproope € = 0,01 > 0, epdoov a,, — 1
éxoope 0tL a, € (1 —e,1 + ) oyedov yia 6ha T n € N. Anhadniy a,, € (0,99,1,01) oxedov yia OAx Tt
n € N.

To cbvoro B eivon menepacpévo. [ e = 0,001 > 0 ordpyer ng €To1 Gote yx k4be n > ng 16)OeL
anp € (1 —¢e,1+4+¢) = (0,999,1,001). Eidikotepa eyoope a, > 0,999 yio k&Oe n > ng. Exopévog av
an < 0,999 tote n < ng. Anhadfi B C {n € N* | n < ng}.

To ovvoro C eivon emiong nenepacpévo. [aipvoope € = 0,1 > 0. Tote vrapyer ng £€T01 OOoTE Yoo KOO
n > ngioyoeta, € (1—e,1+¢)=(0,9,1,1). Eidikotepa £xovpe a, < 1,1 yix k&0 n > ng. Eropévog av
an > 1,116t n < ng. Anhadn C C {n € N* | n < ngp}.

To ovvoro D mepiéxel oxedov oo tan € N. T e = 0,0001 > 0 vmdpyer ng £€T61 OoTe Yo kdbe n > ng
wybdelay, € (1 —¢e,1+ ¢). Eidikotepa éxovpe ap, > 1 — e = 0,9999 yix k&0 n > ny.




